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SOME MEASURABILITY AND CONTINUITY
PROPERTIES OF ARBITRARY REAL FUNCTIONS
VITTORINO PATA - ALFONSO VILLANI
Given an arbitrary real function f , the set D f of all points where fadmits approximate limit is the maximal (with respect to the relation of inclu-sion except for a nullset) measurable subset of the real line having the prop-erties that the restriction of f to D f is measurable, and f is approximatelycontinuous at almost every point of D f . These results extend the well-knownfact that a function is measurable if and only if it is approximately continuousalmost everywhere. In addition, there exists a maximal Gδ -set C f (whichcan be actually constructed from f ) such that it is possible to �nd a functiong = f almost everywhere, whose set of points of continuity is exactly C f .
1. Introduction and Notation.
This paper is devoted to the investigation of some properties of realfunctions with respect to Lebesguemeasure. We shall denote Lebesguemeasureand Lebesgue outer measure by µ and µ∗ , respectively. Recall that, for anysubset A of the real line R, the outer measure of A is given by
µ∗(A) = inf{µ(O) : O ⊃ A, O open }.
For ε > 0 and l ∈R we introduce the sets
Iε(l) = {x ∈R : |x − l| < ε} and �ε(l) = {x ∈R : |x − l| ≥ ε}.
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Also, for any A, B ⊂ R we agree to denote the complement of A by AC , thecharacteristic function of A by χA , and the difference of A and B by A \ B .Given an arbitrary set A ⊂ R, the Lebesgue upper density �(A) of A isde�ned as follows:
�(A) =
�
x ∈R : lim
δ→0
µ∗
�Iδ (x )∩ AC �
δ
= 0
�
.
In literature it is usually preferred the Lebesgue lower density �(A) of A,de�ned by
�(A) =
�
x ∈R : lim
δ→0
µ∗
�Iδ(x )∩ A�
2δ = 1
�
.
Both �(A) and �(A) are measurable. Moreover, the inclusions �(A) ⊃ A ⊃
�(A) hold except for a nullset. In fact, �(A) and �(A) are, respectively, thesmallest (except for a nullset) measurable set containing A, and the largest(except for a nullset) measurable set contained in A (see, e.g., Theorem 2.9.11 in[1]). In particular, A is measurable if and only if �(A) = A = �(A) neglectingnullsets. This fact is known as the Lebesgue density theorem.Throughout the paper we consider functions f : R → R everywherede�ned. On occurence, we shall highlight the possibility of extending theresults for functions de�ned on certain subsets of R. If f is summable in aneighborhood of x ∈R (which implies that f is measurable in a neighborhoodof x ) and there exists l ∈R such that
lim
δ→0
1
2δ
� x+δ
x−δ
| f (t)− l| dt = 0,
then x is said to be a Lebesgue point of f . In that case, we denote l = L f (x ). Iff is locally summable on R, then the function L f equals f almost everywhere(so, in particular, it is de�ned almost everywhere). For a detailed presentationof the subject, the reader is referred to any classical textbook of measure theory.See, for instance, [2,5], or [1,3,4,6] for more selected topics.
De�nition 1.1. Given f : R → R, x , l ∈ R, and ε > 0 we introduce thequantity
Mε[ f, l, x ] = lim sup
δ→0
µ∗
�Iδ(x ) ∩ f −1(�ε(l))�
δ
.
We say that f has M-limit (or approximate limit) l at x , and write l =M- limy→x f (y), if
Mε[ f, l, x ] = 0 ∀ε > 0.
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If f (x ) = M- limy→x f (y), then we say that f is M-continuous (or approx-imately continuous) at x . We denote by D f the subset of R consisting of allpoints where f admits M -limit. Also, we introduce the function
M f (x ) =
�M- limy→x f (y) if x ∈Df
f (x ) otherwise .
One could think of a different de�nition of approximate limit. Namely,f has P-limit l at x if
lim
δ→0
µ∗
�Iδ(x ) ∩ f −1(Iε(l))�
2δ = 1 ∀ε > 0.
Analogously, f is P-continuous at x if f (x ) = P- limy→x f (y). However, thisde�nition turns out to be of little interest. Indeed, Sierpinski proved that everyfunction f (measurable or not) is P -continuous almost everywhere (see [3],Theorem 2.6.2).
De�nition 1.2. We say that f has C-limit l at x if for every ε > 0 there exists
δ > 0 such that
µ
�Iδ(x )∩ f −1(�ε(l))� = 0.
We denote by C f the subset of R consisting of all points where f admits C-limit.
It is apparent that D f ⊃ C f . It is also clear that if g = f almosteverywhere, then D f = Dg , and C f = Cg . Notice that if x is a continuitypoint of g, for some g = f almost everywhere, then x ∈ C f and conversely.Thus, for each function g lying in [ f ], the equivalence class of all functionsequal almost everywhere to f , the set of of all continuity points of g is a subsetof C f . We shall see that in fact [ f ] contains an element g such that C f is exactlythe set of continuity points of g.
2. Lebesgue Measurability of Real Functions.
The aim of this section is to �nd a relation between the measurabilityproperties of a function f : R → R and the set D f of its M -limit points.We begin with a well-known result, whose proof is almost immediate.
Proposition 2.1. Let f : R→ R. Then if x is a Lebesgue point of f it followsthat x ∈D f , and M f (x ) = L f (x ). Moreover if f is measurable and boundedin a neighborhood of x the reverse implication holds too.
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The following result is classical (see [1], Theorem 2.9.13). For the readersconvenience we provide a simple proof of one implication (which differs fromthe classical one and relies on Proposition 2.1).
Theorem 2.2. A function f : R → R is measurable if and only if f is M-continuous almost everywhere.
Proof. We only show that, if f is measurable, then µ(DCf ) = 0 and M f (x ) =f (x ) almost everywhere. For every n ∈N, let
fn (x ) = � f (x ) if | f (x )| ≤ nn otherwise .
Since fn ∈ L1loc(R) then almost every point of R is a Lebesgue point of fn , thus,by Proposition 2.1, µ(DCfn ) = 0 and fn = M fn almost everywhere. Denote
A =�
n
{x ∈Dfn : fn (x ) = M fn (x )}.
Notice that µ(AC ) = 0. Let now x ∈ A be �xed, and choose n > | f (x )|. Thenf (x ) = fn(x ) = M fn (x ). Select ε < n − | f (x )|. The equality
f −1n (�ε( f (x ))) = f −1(�ε( f (x )))
holds, which yields
Mε[ f, f (x ), x ] =Mε[ fn , f (x ), x ] = 0,
i.e., x ∈Df and M f (x ) = f (x ). �
If f is measurable but not bounded in a neighborhood of x it can happenthat M f (x ) exists, but x is not a Lebesgue point. Indeed, there exist measurablefunctions (hence having M -limit almost everywhere) with no Lebesgue points,as the following (classical) example shows.
Example 2.3. Let {Jn}n∈N be the rational endpoint intervals contained in R.Then it is possible to �nd a sequence {Tn}n∈N of pairwise disjoint set of positivemeasure such that Tn ⊂ Jn for every n ∈ N. This can be done by recallingthat for every interval J ⊂ R there exists a compact set of positive measureT ⊂ J \ Q. Notice that any interval I ⊂ R contains in�nitely many sets Tn .The function
f (x ) =
� n
µ(Tn) if x ∈ Tn0 otherwise
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is clearly measurable, and, in force of the preceding result, almost every x ∈Rbelongs to D f . On the other hand, �xed any interval I ⊂ R, and any n ∈ N,there exists n0 ≥ n such that Tn0 ⊂ I . Thus�
I
| f (t)|dt ≥
�
Tn0
| f (t)|dt = n0 > n.
Letting n → ∞ we realize that f is not summable on any interval I , andtherefore no point of R is a Lebesgue point of f .
We now state the main result of this section.
Theorem 2.4. For any function f : R → R the set D f is measurable and therestriction of f to D f , denoted by f|D f , is a measurable function. Moreover,f = M f almost everywhere.
To prove the above result, we shall make use of the following two technicallemmas.
Lemma 2.5. Let f and ϕ be two real functions on R and let h denote thecomposite function ϕ ◦ f . If ϕ is continuous and strictly monotonic, then
D f = {x ∈Dh : γ < Mh(x ) < �},
where γ = infϕ(R), � = supϕ(R). Moreover, the following implication holdstrue: M- limy→x f (y) = λ �⇒ M- limy→x h(y) = ϕ(λ).
Proof. We �rst show the latter assertion. Assume that M- limy→x f (y) = λ.Then, owing to the continuity of ϕ at the point λ, for each σ > 0 there exists
ε > 0 such that Iε(λ) ⊂ ϕ−1(Iσ (ϕ(λ))), hence f −1(�ε(λ)) ⊃ h−1(�σ (ϕ(λ)))and consequently
µ∗
�Iδ(x ) ∩ f −1(�ε(λ))�
δ
≥
µ∗
�Iδ(x ) ∩ h−1(�σ (ϕ(λ)))�
δ
∀δ > 0.
Letting δ → 0, we get M- limy→x h(y) = ϕ(λ).To complete the proof it is now suf�cient to show that also the implication
M- limy→x h(y) = w ∈ ϕ(R) �⇒ M- limy→x f (y) = ϕ−1(w)
is true. Indeed, if M- limy→x h(y) = w ∈ ϕ(R) and we assume, for instance,that ϕ is strictly increasing, then for each ε > 0, denoting
λ1 = ϕ−1(w)−ε, λ2 = ϕ−1(w)+ε, σ = min{w−ϕ(λ1), ϕ(λ2)−w},
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we have
�t ∈R : λ1 < f (t) < λ2� = �t ∈R : ϕ(λ1) < h(t) < ϕ(λ2)�
⊃
�t ∈R : w − σ < h(t) < w + σ�
and consequently
µ∗
�Iδ(x ) ∩ f −1(�ε(ϕ−1(w)))�
δ
≤
µ∗
�Iδ(x ) ∩ h−1(�σ (w))�
δ
∀ δ > 0.
So, letting δ → 0, we get M- limy→x f (y) = ϕ−1(w). �
Lemma 2.6. Let a function h : R → R and a number β ∈ R be given. IfN = {x ∈R : h(x ) = β} is a nullset, then also L = {x ∈R : Mh(x ) = β} is anullset.
Proof. Clearly, it is enough to prove that for every ε > 0 and every boundedopen interval I ⊂ R the set L ∩ I ∩ {x ∈R : |h(x ) − β| ≥ ε} is a set of zeromeasure.
We will make use of the Vitali Covering Lemma.
Let any η > 0 be �xed. Then for each x ∈ L ∩ I there exists a δx > 0 suchthat for every δ ∈ (0, δx] we have
Iδ(x ) ⊂ I
and also
µ∗
�Iδ(x ) ∩ h−1(�ε(β))�
δ
< η,
that is,
µ∗
�Iδ(x ) ∩ h−1(�ε(β))� < 12ηµ(Iδ(x )).
Now it is apparent that the family V = {Iδ(x ) : x ∈ L ∩ I, 0 < δ ≤ δx} coversL ∩ I in the sense of Vitali, thus there is a countable subfamily {In } ⊂ V, withIn1 ∩ In2 = ∅ for n1 �= n2, such that
µ∗
�L ∩ I \ ��
n
In
��
= 0.
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It follows that
µ∗
�L ∩ I∩{x ∈R : |h(x )− β| ≥ ε}�
= µ∗
�L ∩ I ∩ {x ∈R : |h(x ) − β| ≥ ε} ∩ ��
n
In
��
= µ∗
�L ∩ {x ∈R : |h(x )− β| ≥ ε} ∩ ��
n
In
��
≤
�
n
µ∗
�In ∩ L ∩ {x ∈R : |h(x ) − β| ≥ ε}�
≤
�
n
µ∗
�In ∩ h−1(�ε(β))�
<
η
2
�
n
µ(In) ≤ η2µ(I ),
thus
µ∗
�L ∩ I ∩ {x ∈R : |h(x )− β| ≥ ε}� = 0
since η > 0 is arbitrary. �
Proof of Theorem 2.4. We �rst show that f = M f almost everywhere. To thisaim we use Sierpinskis theorem ([3], Theorem 2.6.2), already quoted in theintroduction. According to that theorem, there exists a nullset N such that
x ∈ NC �⇒ lim
δ→0
µ∗
�Iδ(x ) ∩ f −1(Iε( f (x )))�
2δ = 1 ∀ ε > 0.
It is easily seen that {x ∈D f : f (x ) �= M f (x )} ⊂ N . Indeed, if we assume bycontradiction the existence of a point x¯ ∈ {x ∈D f : f (x ) �= M f (x )} \ N , then,denoting l = M f (x¯), for 0 < ε < 12 |l − f (x¯)|, since Iε( f (x¯)) ⊂ �ε(l), we get
lim
δ→0
µ∗(Iδ(x ) ∩ f −1(Iε ( f (x ))))2δ = 0,
contrary to the fact that x¯ ∈ NC . Thus also {x ∈ D f : f (x ) �= M f (x )} is anullset, that is, f = M f almost everywhere.Next, we prove that the measurability of the restriction f |D f is a directconsequence of the measurability of D f . It is suf�cient to consider the casef > 0. Indeed, the general case will follow from this by considering thefunction e f , taking into account thatD f ⊂ De f and µ(De f \D f ) = 0, by virtue
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of the previous lemmas and of the obvious remark that Me f (x) ≥ 0 ∀x ∈R, andmaking use of the subsequent argument:
D f measurable �⇒ De f measurable �⇒ e f |De f measurable
�⇒ f |De f measurable �⇒ f |D f measurable.
Thus, assume f > 0 and de�ne g = f χD f − χDCf . We will prove thatthe function g is M -continuous almost everywhere. By Theorem 2.2 thisimplies that g is measurable, hence also the restriction g|Df , namely, f |D f ,is measurable as well. Given x0 ∈DCf ∩�(DCf ) and 0 < ε < 1, we have
g−1(�ε(g(x0))) = g−1(�ε(−1)) = D f
and consequently
lim
δ→0
µ∗
�Iδ(x0) ∩ g−1(�ε(g(x0)))�
δ
= lim
δ→0
µ∗
�Iδ(x0) ∩D f �
δ
= 0.
On the other hand, for x0 ∈ {x ∈Df : f (x ) = M f (x )} ∩�(D f ) and 0 < ε < 1,we have the set-theoretical inclusion
g−1(�ε(g(x0))) = g−1(�ε( f (x0))) ⊂ f −1(�ε( f (x0))) ∪DCf
and since
lim
δ→0
µ∗
�Iδ(x0) ∩ f −1(�ε( f (x0)))�
δ
= 0 and lim
δ→0
µ∗
�Iδ(x0) ∩DCf �
δ
= 0,
it follows that also in this case we have
lim
δ→0
µ∗
�Iδ (x0) ∩ g−1(�ε(g(x0)))�
δ
= 0.
In conclusion, the above limit holds for each ε ∈ (0, 1) (hence for each ε > 0)and each point x0 belonging to the set
G = �DCf ∩ �(DCf )� ∪ ��x ∈Df : f (x ) = M f (x )� ∩�(D f )�.
The complement of this set, that is,
GC=�DCf \G� ∪ �D f \ G�
=
�
D
Cf \
�
D
Cf ∩ �(DCf )�� ∪ �D f \�{x ∈Df : f (x )=M f (x )} ∩ �(D f )��
=
�
D
Cf \�(DCf )
�
∪
�
{x ∈Df : f (x ) �= M f (x )} ∪ (D f \�(D f ))
�
,
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is a set of zero measure, because we are assuming that D f is a measurable setand we already proved that f = M f almost everywhere. It follows that g isM -continuous almost everywhere, so this step of the proof is concluded.We are left to show the measurability of the set D f .We �rst consider the case of a function f : R→ R whose range is a closeddiscrete set: f (R) = B = {αj : j ∈ J },
so that f =�
j∈J
αjχAj
having denoted Aj = f −1({αj }), j ∈ J . It is easily seen that if α ∈ BC then it isimpossible that M f (x ) = α for some x ∈Df . It follows that
D f =
�
j∈J
Ej ,
where
Ej =
�x ∈Df : M f (x ) = αj� ∀ j ∈ J.
Then it is suf�cient to show that every set Ej , j ∈ J , is measurable. Indeed, if
ε > 0 is small enough (to be precise, less than the distance of the point αj fromthe set B \ {αj }), we have the equality
f −1(�ε(αj )) = f −1({αj }C) = ACj ,
from which the equivalence
lim
δ→0
µ∗
�Iδ(x ) ∩ f −1(�ε(αj ))�
δ
= 0 ⇐⇒ lim
δ→0
µ∗
�Iδ(x )∩ ACj �
δ
= 0
follows. This implies that Ej = �(Aj ), hence Ej is measurable.To complete the proof we consider an arbitrary function f : R→ R. Let
{an}n∈N be a sequence such that, for every n ∈N,
n
n + 1 < an ≤ 1
and an/an+1 is irrational. Set then, for every n ∈N and j ∈Z,
αnj =
an(2 j − 1)
2n and Unj = (αnj , αnj+1).
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Finally, introduce the sequence of functions { fn}n∈N as follows: for all n ∈N,let
fn (x ) =
� jann if x ∈ f −1(Unj ), j ∈Z
αnj if x ∈ f −1({αnj }), j ∈Z.
Since fn is of the form considered before, we have that D fn is measurable.Consider now the measurable set
D =
�
n
�
D fn ∪D fn+1
�
.
We �rst show that D ⊃ D f . Let
Wn = �x ∈Df : M f (x ) = αnj for some j ∈Z�.
Then D fn ⊃ D f \Wn for all n ∈N. Indeed, if x ∈D f \ Wn , then M f (x )∈Unjfor some j ∈Z. Choosing ε > 0 so small that Iε (M f (x )) ⊂ Unj , it is clear that
f −1��ε(M f (x ))� ⊃ f −1n ({ j an/n}C) ⊃ f −1n ��η( j an/n)� ∀η > 0,
which implies at once that x ∈Dfn and M fn (x ) = j an/n. Thus,
D fn ∪D fn+1 ⊃ D f ∩
�Wn ∩ Wn+1�C = Df ∀n ∈N.
Last equality comes from the fact thatWn∩Wn+1 = ∅. Indeed, if the intersectionwere not empty, there would exist i, l ∈Z such that αni = αn+1l , i.e.,
an
an+1 =
n
n + 1
2l − 1
2i − 1 ,
which is impossible since the left-hand side of the above equality is irrational.Hence, taking the intersection over n,
D =
�
n
�
D fn ∪D fn+1
�
⊃ D f .
Finally denote
D
� = D \
�x ∈ Dfn for some n ∈N : fn (x ) �= M fn (x )�.
Recalling the �rst part of the proof, µ(D \ D�) = 0. We prove the inclusion
D
� ⊂ D f . Let x ∈D�. Then there exists a sequence {kn}n∈N , such that kn = n
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or kn = n + 1 for any n ∈N, x ∈D fkn , and fkn (x ) = M fkn (x ). Select ε > 0.Since fkn → f uniformly, choose n large enough such that f and fkn differless than ε/3. If y ∈ f −1kn (Iε/3( fkn (x ))), it follows that
| f (y)− f (x )| ≤ | f (y)− fkn (y)| + | fkn (y)− fkn (x )| + | fkn (x )− f (x )| < ε,
which yields the inclusion
f −1kn ��ε/3( fkn (x ))� ⊃ f −1��ε( f (x ))�,
and therefore Mε[ f, f (x ), x ] = 0. We conclude that D f is measurable, andthis �nishes the proof. �
A straightforward consequence of Theorem 2.4 is a suf�cient condition fora function f : R→ R in order to be measurable.
Corollary 2.7. If µ(DCf ) = 0 then f is measurable.
Notice that, if f is approximately continuous almost everywhere, then
µ(DCf ) = 0; so the above corollary is a little bit stronger than the  if implication of Theorem 2.2.Finally we show that the set D f is the maximal measurable set (withrespect to the relation inclusion except for a nullset) where f is measurable.Thus the set D f gives an estimate of the measurability degree of f . Ofcourse D f might be an emptyset. In this case the function f is completelynonmeasurable.
Theorem 2.8. Let f : R → R be given. For any measurable set A ⊂ R suchthat f|A is measurable, we have that µ(A \D f ) = 0.
Proof. If A is measurable and f|A is measurable, then also the functione f |A is measurable. Moreover, we have that D f = De f \ L , where L is anullset, as we already pointed out in the proof of Theorem 2.4. Thus, if thetheorem is true for e f , it is true for f as well. So we assume without loss ofgenerality f ≥ 0. Introduce now h = ( f + 1)χA . Then h is measurable,and from Theorem 2.2, µ(DCh ) = 0 and h = Mh almost everywhere. SetC = {x ∈ A ∩Dh : Mh(x ) ≥ 1}. Observe that µ(A \ C) = 0. We �nish theproof by proving that C ⊂ D f . Indeed, let x ∈C , and select ε < 1. Then
h−1��ε(Mh(x ))� ⊃ f −1��ε(Mh(x )− 1)�
which bears
Mε[ f,Mh(x ) − 1, x ] ≤Mε[h,Mh(x ), x ] = 0
that is, f admits M -limit at point x and M f (x ) = Mh(x )− 1. �
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Remark 2.9. The results established in this section for real functions de�nedon the whole real line R actually extend to any real function f , whose domainis an arbitrary subset of R, not necessarily measurable.To see this extension we �rst need the appropriate notion of M -limit andthe de�nitions of D f and of M f in this more general setting.Let f : E → R be any function, with E ⊂ R. Given x , l ∈R, we say thatf has M -limit l at the point x provided that
lim
δ→0
µ∗
�Iδ(x ) \ f −1(Iε (l))�
δ
= 0
for every ε > 0 (see [1], p. 158). Also, we denote by D f the set of all pointsx ∈R where the M -limit of f does exist and by M f the real function onD f ∪Ede�ned according to the following rule:
M f (x ) =
�M- limy→x f (y) if x ∈Dff (x ) if x ∈ E \D f .
It is apparent that these de�nitions generalize the ones already introduced whenE = R.
Now, we can state the above mentioned general result.
Theorem 2.10. For any function f : E → R, E ⊂ R, the following statementshold true:i) the sets D f and D f ∩ E are measurable and µ(D f \ E) = 0;ii) the restriction of f to D f ∩ E is a measurable function;iii) for anymeasurable set A ⊂ E having the property that f|A is a measurablefunction, we have that µ(A \ (D f ∩ E)) = 0;iv) f = M f almost everywhere, that is {x ∈ E : f (x ) �= M f (x )} is a set ofzero measure.
Proof. We �rst assume that f satis�es f (x ) ≥ 1 for every x ∈ E . Then, it isan obvious remark that also M f satis�es M f (x ) ≥ 1 for every x ∈Df ∪ E .Let g : R→ R be the following extension of f to the whole R:
g(x ) = � f (x ) if x ∈ E0 if x ∈ EC .
Then, it is apparent that the implication
M- limy→x f (y) = l �⇒ M- limy→x g(y) = l
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holds true. As a consequence of this fact and of the previous remark we get theset-theoretical inclusionD f ⊂ Dg ∩ {x ∈R : Mg(x ) ≥ 1} . Furthermore, sincefor l ≥ 1 and 0 < ε < 1 we have f −1(Iε (l)) = g−1(Iε(l)), it is clear that alsothe reverse inclusion holds, so
D f = Dg ∩
�x ∈R : Mg(x ) ≥ 1� .
Now, by Theorem 2.4, Dg is a measurable set, g|Dg is a measurable functionand g = Mg almost everywhere. Having this in mind, we immediately deducefrom the above equality that D f is measurable. Moreover, we have thatD f \ Eis a set of zero measure, since
D f \ E = Dg ∩ �x ∈R : Mg(x ) ≥ 1� \ �x ∈R : g(x ) ≥ 1�
⊂
�x ∈R : Mg(x ) �= g(x )� .
It follows that also D f ∩ E is a measurable set and consequently we have thatthe restriction f|D f ∩E is a measurable function, since f|D f ∩E = g|D f ∩E and
D f ∩ E ⊂ Dg . Thus, we have shown facts i) and ii).To prove iii), notice that if A ⊂ E is measurable and f|A is measurable,then also g|A is measurable, hence µ(A \ Dg) = 0 by Theorem 2.8, that isA ⊂ Dg ∪ N , where N is a nullset. It follows that
A ⊂ �Dg ∪ N� ∩ E
⊂
�
Dg ∩
�x ∈R : Mg(x ) = g(x )� ∩ E� ∪ �x ∈R : Mg(x ) �= g(x )� ∪ N ,
hence µ(A \ (D f ∩ E)) = 0, since
Dg ∩
�x ∈R : Mg(x ) = g(x )� ∩ E
⊂ Dg ∩
�x ∈R : Mg(x ) ≥ 1� ∩ E = D f ∩ E
and since {x ∈R : Mg(x ) �= g(x )} ∪ N is a set of zero measure.Finally, to show iv), it is enough to observe that by virtue of the implication
M- limy→x f (y) = l �⇒ M- limy→x g(y) = l ,
we have �x ∈ E : M f (x ) �= f (x )� ⊂ �x ∈R : Mg(x ) �= g(x )� .
Next, we prove the theorem in general. Given any f : E → R, we considerthe function h = e f +1. By the preceding part of the proof all statements i)iv)
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are true for such a function h. Also, it is obvious that for every measurable setA ⊂ E we have the equivalence:
f |A measurable ⇐⇒ h|A measurable .
We �rst show the measurability of D f . To this aim, we notice thatLemma 2.5 is still true, just by the same proof, even if the domain of the functionf , there considered, is assumed to be a subset of R. Thus, coming back to ourfunctions f and h, we get the following expression forD f :
D f =
�x ∈Dh : Mh(x ) > 1� ,
which implies
D f =
��x ∈Dh : Mh(x ) > 1� ∩ �x ∈ E : Mh(x ) = h(x )��
∪
��x ∈Dh : Mh(x ) > 1� \ �x ∈ E : Mh(x ) = h(x )�� ,
whence the measurability of D f follows, since both members of the abovewritten union are measurable sets by the properties of h. In fact, the �rst setcan be written as
�x ∈Dh ∩ E : h(x ) > 1� \ �x ∈ E : Mh(x ) �= h(x )� ,
while the second one is contained in the nullset
�
Dh \ E� ∪ �x ∈ E : Mh(x ) �= h(x )� .
The above expression of D f also implies that D f \ E ⊂ Dh \ E , thus
D f \ E is a nullset andD f ∩ E is measurable, and thatD f ∩ E ⊂ Dh ∩ E , thush|D f ∩E is a measurable function, hence f |D f ∩E is measurable too.Now, we prove iii). We observe that also Lemma 2.6 is true, by the sameargument, for functions de�ned on subsets of R, thus we have that L = {x ∈E : Mh(x ) = 1} is a nullset. Let A be any measurable subset of E such thatf |A is measurable. Then h|A is measurable too, hence µ�A \ (Dh ∩ E)� = 0.On the other hand, we have D f ∩ E = Dh ∩ E \ L , hence
A \ �D f ∩ E� = A \ �Dh ∩ E \ L� ⊂ �A \ �Dh ∩ E�� ∪ L ,
thus also A \ �D f ∩ E� is a nullset.
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Finally, to prove iv), we observe that by Lemma 2.5, generalized, we havethe implication
M- limy→x f (y) = l �⇒ M- limy→x h(y) = el + 1
and hence
�x ∈ E : M f (x ) �= f (x )� ⊂ �x ∈ E : Mh(x ) �= h(x )� ,
from which the result follows. �
3. Continuity of Real Functions.
Given a function f : R → R, it is interesting to see if it is equalalmost everywhere to a continuous function. The problem is not trivial, since,as everybody knows, strange things may happen. For instance, the Dirichletfunction is nowhere continuous, but it is in the same equivalence class of thenull function. On the other hand, the Heaviside step function is continuouseverywhere except in zero, but no representatives of its equivalence classexhibits continuity at zero. If one knows from the beginning that f is equalalmost everywhere to a continuous function, then a continuous representativeof [ f ] is given by L f . The converse, however, is not true, namely, as we willshow in the following example, there are equivalence classes not containingany continuous representative, for which L f is de�ned everywhere. It is thena natural question to ask whether, given f , it is possible to �nd the most (ifany) continuous representative of the class [ f ].
Example 3.1. De�ne
f (x ) =


1 if x ∈ (−∞, 0]
22n(x − 2−n) if x ∈ �2−n, 2−n(1+ 2−n)�, n ∈N, n ≥ 2
1 if x ∈ �2−n(1+ 2−n), 2−n+1(1−2−n)�,n ∈N, n ≥ 2
22n−1(2−n+1 − x ) if x ∈ �2−n+1(1− 2−n), 2−n+1�, n ∈N, n ≥ 2
0 if x ∈ [1/2,∞).
Notice that f is continuous except in zero. Therefore L f is de�ned in everypoint except at most zero. We show that L f (0) = 1. Set δ > 0, and let n = n(δ)
78 VITTORINO PATA - ALFONSO VILLANI
the smallest n ∈N such that 2−n−1 < δ . Select ε > 0. Then, for δ ≤ 1/2 wehave
µ
�Iδ(0) ∩ f −1(�ε(1))�
δ
≤ 2n+1µ�(0, 2−n) ∩ f −1({1}C)�
< 2n+3 ∞�
j=n+1
4− j
< 2−n+2.
Since n → ∞ as δ → 0, we conclude that M f (0) = 1, and thus fromProposition 2.1 L f (0) = 1.
We remarked in the introduction that no point of continuity of g ∈ [ f ] canbe in CCf . Here we show the converse, namely, we exhibit a function g ∈ [ f ]whose set of points of continuity is exactly C f . We need two preliminarylemmas.
Lemma 3.2. Given f : R→ R, the function M f|D f is continuous on C f .
Proof. Suppose the lemma is not true. Then there exist x ∈ C f , ε > 0 and asequence {xn}n∈N of elements ofD f converging to x such that M f (xn)∈�ε(l),having set l = M f (x ). Since f has C-limit l at x , there exists δ > 0 such that
µ
�Iδx ∩ f −1(�ε/2(l))� = 0.
Choose n large enough so that xn ∈ Iδ(x ). Denote ln = M f (xn). Then thereexists δn > 0 such that Iδn (xn) ⊂ Iδ(x ), and
µ∗
�Iδn (xn) ∩ f −1(�ε/2(ln ))� < δn.
Hence
µ∗
�Iδn (xn) ∩ f −1(Iε/2(ln))� ≥ 2δn − µ∗�Iδn (xn) ∩ f −1(�ε/2(ln ))� > δn.
On the other hand, Iε/2(ln ) ⊂ �ε/2(l), thus
µ∗
�Iδ(x ) ∩ f −1(�ε/2(l))� ≥ µ∗�Iδn (xn) ∩ f −1(Iε/2(ln ))� > δn,
which leads to a contradiction. �
Lemma 3.3. Given f : R → R, there exists D ⊂ R such that D ⊃ Cf ,
µ(DC ) = 0 and M f|D is continuous on Cf .
SOME MEASURABILITY AND CONTINUITY . . . 79
Proof. Since C f depends only on [ f ], in force of Theorem 2.4 we can (and do)assume that f = M f . Fix n ∈N. Then for every x ∈Cf there exists δx,n ≤ 1/nsuch that
µ
�Iδ(x ) ∩ f −1(�1/n( f (x )))� = 0 ∀δ ≤ δx,n .
The family Vn = {Iδx,n (x ) : x ∈C f } is an open cover of C f . Since R is secondcountable, any open cover of a subset of R admits a countable subcover. Thusthere exists a countable subset {xnj }j∈Jn , with Jn ⊂ N, of Cf such that thecountable family {Iδj,n (xnj )}j∈Jn (where we write for simplicity δj,n in place of
δxnj ,n ), of (not necessarily disjoint) elements of Vn , is a cover of C f . Further,denote
Pn = �
j∈Jn
�Iδj,n (xnj ) ∩ f −1(�1/n( f (xnj )))� and P =�
n
Pn,
and set
D = D f ∪ PC .
We claim that f|D is continuous on C f . Thus let x ∈Cf and select ε > 0. Thenby Lemma 3.2 there exists δ > 0 such that
f �Iδ(x ) ∩D f � ⊂ Iε/2( f (x )).
Choose
n > max
�2
ε
,
2
δ
�
.
Then there exists xnj (which may coincide with x ) such that
x ∈ Iδj,n (xnj ) ⊂ Iδ(x ).
Let y ∈ Iδj,n (xnj ) ∩D. If y ∈D f then f (y)∈ Iε( f (x )). If y ∈DCf ∩ PC , then inparticular we have y ∈ PCn , and since y ∈ Iδj,n (xnj ), it follows that
| f (y)− f (xnj )| < 1n <
ε
2 .Therefore
| f (y)− f (x )| ≤ | f (y)− f (xnj )| + | f (xnj )− f (x )| < ε.
Thus, if we choose η > 0 such that Iη(x ) ⊂ Iδj,n (xnj ), we conclude that
f (Iη(x )∩D) ⊂ Iε ( f (x )),
as claimed. �
Notice that, in order to prove Lemma 3.3, it would have been enough toprove a weaker version of Lemma 3.2, namely, to show that M f|C f is continuouson C f . However, if f is measurable, then µ(DCf ) = 0 and Lemma 3.2, as stated,immediately implies Lemma 3.3.
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Theorem 3.4. Given f : R → R, there exists g ∈ [ f ] whose set of points ofcontinuity is exactly C f .
Proof. Again, we assume that f = M f . Then from previous Lemma 3.3,there exists D ⊂ R such that D ⊃ C f , µ(DC ) = 0 and f|D is continuouson C f . For every n ∈ N and every j ∈ Z de�ne the half-open intervalOnj = [ j/n, ( j + 1)/n). Then, for every n ∈ N, R = �j Onj . Furthermore,select xnj ∈ Onj ∩D (which always exists since µ(DC ) = 0). Finally de�ne
fn (x ) =
� f (x ) if x ∈Df (xnj ) if x ∈DC ∩ Onj ,
and let
g(x ) =
� lim supn→∞ fn (x ) if lim supn→∞ fn (x )∈R0 otherwise .It is apparent that g = f on D (so g = f almost everywhere) and g|D iscontinuous on C f . We claim that g is continuous on C f . Indeed, let x ∈Cf andselect ε > 0. Then there exists δ > 0 such that, if y ∈ Iδ(x ) ∩ D, it followsthat |g(y)− g(x )| < ε/2. On the other hand, if y ∈ Iδ(x ) ∩DC then there is asequence { jn}n∈N ⊂ Z such that fn (y) = f (xnjn ) = g(xnjn ) for all n ∈ N. Sincey ∈ Iδ(x ), we have also xnjn ∈ Iδ(x ), and hence
| fn (y)− g(x )| = |g(xnjn )− g(x )| < ε2 ,
for all n large enough. This implies that lim supn→∞ fn (y)∈R and that
|g(y)− g(x )| = | lim supn→∞ fn (y)− g(x )| ≤ lim supn→∞ | fn (y)− g(x )| ≤
ε
2 < ε.
We have then proved that g(Iδ(x )) ⊂ Iε(g(x )), that is, g is continuous at x .
�
Since C f is the set of points of continuity of a function g, we can alsoconclude that it is a Gδ-set (see, for instance, [4]).It is worth observing that M f may not be continuous on C f . This justi�esthe rather indirect proof of Theorem 3.4.
Example 3.5. De�ne
f (x ) =
� 0 if x ∈ (−∞, 0] ∪ [1,∞)1/n if x ∈ (1/(n + 1), 1/n), n ∈N1 if x = 1/n, n ∈N.
It is clear that f has C-limit 0 at x = 0 (so 0 ∈ C f ). On the other hand, sincef does not have M -limit at 1/n, it follows that M f (1/n) = f (1/n) = 1. ThusM f is not continuous at x = 0.
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In force of Theorem 3.4 we can provide a characterization of classes offunctions containing a continuous representative.
Corollary 3.6. A function f : R → R, is equal almost everywhere to acontinuous function if and only if C f = R.
Remark 3.7. The result expressed by Theorem 3.4 actually holds for a functionf : E ⊂ R→ R, provided that ∂E ∩ E is a closed discrete set.In this case we still de�ne C f as the subset of E consisting of all points xwhich are continuity points for some g : E → R, g = f almost everywhere.Equivalently, a point x ∈ E belongs to C f if there exists a (possibly nonunique)l ∈R such that for every ε > 0 it results µ�Iδ(x ) ∩ f −1(�ε(l))� = 0 for some
δ > 0.To get the above claimed extension of Theorem 3.4 one has simply toconsider any function h : R→ R, continuous at every point x ∈ ∂E ∩ E ∩ C fand such that h|E = f almost everywhere, and apply Theorem 3.4 to h. Noticethat the construction of such a function h is possible since the set ∂E ∩ E iscluster-point free.
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